We propose a lattice action for the overlap Dirac matrix with nonzero chemical potential which is shown to preserve the chiral invariance on the lattice exactly. We further demonstrate it to arise from the Domain wall by letting the chemical potential count only the physically relevant wall modes.
II. FORMALISM
The massless continuum QCD action can be written in a form where the chiral symmetry is manifest in terms of the fields appearing in the action:
where ψ L = (1 − γ 5 )ψ/2 and ψ R = (1 + γ 5 )ψ/2 withψ L =ψ(1 + γ 5 )/2 andψ R =ψ(1 − γ 5 )/2. The second term is the action for gluons which will play no role in our discussion below. We assume below that some usual convenient form has been chosen. Adding the canonical µN to the first line for investigating finite density effects is the same as adding µψ i γ 4 ψ i to the second line, leaving the manifest chiral symmetry intact. We propose that addition of chemical potential on the lattice be done in this explicit chiral symmetry preserving manner as well, opting therefore for the overlap quarks.
The overlap quarks have all the symmetries of the continuum QCD but also have a nonlocal action:
where the sum over n and m runs over all the space-time lattice sites, a is the lattice spacing, and the overlap Dirac matrix D ov is defined by aD ov = 1 + γ 5 sgn(γ 5 D W ). sgn denotes the sign function. D W is the standard Wilson-Dirac matrix on the lattice but with a negative mass term M ∈ (0, 2):
The overlap Dirac matrix satisfies Ginsparg-Wilson relation [17] , {γ 5 , D} = aDγ 5 D and has exact chiral symmetry on lattice. The corresponding infinitesimal chiral transformations [18] are
An alternate set of transformations, differing by terms of O(a) is δψ = iαγ 5 (1 − aD ov )ψ and δψ = iαψγ 5 .
Since one needs to write chiral projectors on the lattice to mimic eq.(1), we focus on eq.(5). The generators of the transformation in eq.(5) satisfy γ
On the other hand, the corresponding ones in eq.(4) do not square to unity. One therefore defines the left-right projections for quark fields as ψ L = (1 −γ 5 )ψ/2 and ψ R = (1 +γ 5 )ψ/2, leaving the antiquark field decomposition as in the continuum above. Such a decomposition is commonly done for writing chiral gauge theories [19] on the lattice and is possible since ψ andψ are independent fields in the Euclidean field theory. In analogy with the eq.(1) of continuum QCD, the action for the overlap quarks in presence of nonzero chemical potential may now be written down as
It is easy to verify that i) this action is invariant under the chiral transformation eq. (5) for all values of aµ and a and ii) it reproduces the continuum action in the limit of a → 0 with µ → µ/M scaling. In order to obtain the order parameter for checking if the symmetry is spontaneously broken, one usually adds a linear breaking term. Adding a quark mass term, am(ψ R ψ L +ψ L ψ R ), one obtains the order parameter valid for all T and µ on the lattice by taking a derivative of the log of the partition function with respect to am as,
The only real eigenvalues of aD ov are 0 or 2, with only the former contributing to the order parameter. Defining a matrix K ov = D ov (1 − aD ov /2) −1 , such that {γ 5 , K ov } = 0, the order parameter can be written in a form more analogous to the continuum :
Although the discussion above is for a single flavour of quark, i.e, U (1) L × U (1) R symmetry, its generalization to N f flavours is straightforward. Indeed, since it relies only on the spin-structure, the flavour index as well as the corresponding generator matrices just carry through.
III. DOMAIN WALL FERMIONS
The action in eq. (7) was obtained by demanding the left-right symmetry to be explicit. A physically more intuitive way to arrive it is in the domain wall formalism. Since only the massless domain wall modes are physical although there are many massive unphysical modes, the appropriate way to introduce µ is as a Lagrange multiplier for the number of these massless modes. The domain wall action of [20] then for nonzero chemical potential, µ, is
where P ± = (1 ± γ 5 )/2 and N 5 and a 5 are the number of sites and the lattice spacing in the fifth direction respectively. The physically relevant 4D massless fermion field is identified with the fermion fields at the boundaries of the fifth dimension as,
It is convenient to visualize the five dimensional action in terms of the fields η i localized on four dimensional branes existing at each site i along the fifth dimension, as in [21] . Defining a transfer matrix, T = (1 + a 5 H W P + ) −1 (1 − a 5 H W P − ), between pairs of neighboring branes, where H W = γ 5 D W , the five dimensional action can be rewritten in terms of these fields as,
The fermion fields η i can be integrated out successively, resulting in a partition function of the form,
where J is the Jacobian for the transformation from ψ-fields to η-fields and the five dimensional determinant D (5) is given by
In order to obtain the overlap matrix, the contribution of the bulk five dimensional modes needs to be removed from the partition function. Following [22] , we introduce pseudo-fermions and obtain the partition function of interest as
where det D (5) (ma = 1, aµ = 0) is the contribution from the pseudo-fermions. Taking first a 5 → 0 limit and then N 5 → ∞, the ratios of determinants turns out to be det[D ov + (1 − D ov /2)(ma + aµγ 4 )], where the dimensional µ and m have been scaled by a factor of M to match with the continuum limit. A little algebra shows that γ 4 can be commuted through in the determinant above to yield the same overlap matrix of eq. (7) with exact chiral symmetry on the lattice.
IV. DISCUSSION
The action in eq. (7) leads to an overlap fermion determinant which is identical to that in the recent work [23] with fermionic sources in the overlap formalism of [24] . The main difference is, however, in the necessity of sources in [23] to define the chiral symmetry. Indeed, the chiral symmetry transformation there is local, defined as rotation of the sources while our eq. (5) is nonlocal, defined as the rotation of quark fields. The left-right symmetry is in-built in the formalism there whereas we needed to introduce the left-right projections in form of L-and R-fields to do so. Our new fermion matrix is linear in µ B , similar to an earlier proposal by us [16] . This leads us to expect it to have the same good as well as bad properties. In particular, only its first derivative with respect to aµ B is nonzero, all the rest being zero. As a consequence, the coefficients of the Taylor expansion of the baryonic susceptibility in µ B , needed in estimating the location of the QCD critical point simplify considerably. On the other hand, the corresponding free theory itself has a µ 2 B -divergence in the baryonic susceptibility in the continuum limit. It is easy to see that the successful prescription [25] for local actions of introducing µ B as the fourth component of a constant Abelian gauge field to remove the divergence, will not work in this case since the nonlocal overlap Dirac matrix intertwines all four momentum components in a covariant manner. We have recently shown in case of the staggered fermions that the free theory divergence can be subtracted [26] out successfully. In particular, the resultant ratios of the Taylor coefficients appear to be in good agreement with those where the subtraction is effected analytically by a change of action. While further investigations of the finite cut-off and finite volume effects are needed to establish it firmly, it may be hoped that a similar subtraction scheme will work for our above overlap quarks as well. Of course, it would be clearly desirable to modify even the action (7), without loss of its chiral symmetry, such that it has no µ 2 B -divergences.
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